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A BSTRACT
Learning accurate dynamics models is necessary for optimal, compliant control of robotic systems. Model-based reinforcement learning attempts to learn accurate models by interacting with
the environment, and the efficiency of doing so depends on how the model is parameterized. Current approaches to white-box modeling using analytic parameterizations, or black-box modeling
using neural networks, can suffer from high bias or high variance. We address the need for a
flexible, gray-box model of mechanical systems that can seamlessly incorporate prior knowledge
where it is available, and train expressive function approximators where it is not. We propose to
parameterize a mechanical system using neural networks to model its Lagrangian and the generalized forces that act on it. We test our method on a simulated, actuated double pendulum.
We show that our method outperforms a black-box model in terms of data-efficiency, as well as
performance in model-based reinforcement learning.

1

I NTRODUCTION

Model-based reinforcement learning attempts to solve a new task by first acquiring an accurately model of environment dynamics, and then synthesizing a controller based on this model to solve the task. When specifying the
model, one faces the perennial question of whether to seek out domain expertise, or to take a data-driven, black-box
approach to constructing such a model. The former approach would make assumptions about the system, such as
its kinematic structure, inertia properties, and assumptions regarding the forces acting on the system, leaving only a
few parameters for data-driven calibration (An et al., 1985; Åström & Eykhoff, 1971). The latter approach (Werbos
et al., 1992; Raissi et al., 2018; Chen et al., 1990), on the other hand, would treat the system’s equations of motion
as any other function that the tools of machine learning are capable of fitting. That is, this approach would reduce
the problem of learning the system dynamics to that of optimizing the parameters of an expressive function class,
such as a neural network, in order to minimize some form of a prediction loss.
Both of the aforementioned approaches have limitations, summarized in Figure 1. The assumptions made by
the domain expert may not capture hard-to-model effects, leading to inaccuracies via model bias. On the other
hand, while the black-box approach of training an overparameterized function class may be capable of capturing
the phenomena present in the training data, it often requires infeasibly large amounts of training data to achieve
generalization, due to model variance.
Ideally, we would want to take a gray-box approach that models the parts of the system for which we believe
that models are accurate, while capturing the difficult-to-model system dynamics by training a highly expressive
function class such as a neural network from data. However, typical approaches to fitting system dynamics with
neural networks do not allow us to easily incorporate prior knowledge. Although there have been proposals to
learn offset functions that correct for model bias, they are still restricted to specific use cases Ratliff et al. (2016);
Nguyen-Tuong & Peters (2010).
In this work, we propose a structured approach to gray-box modeling of mechanical systems. Instead of treating the
equations of motion governing the system as an arbitrary functional mapping, we make the single assumption that
the system conforms to Lagrangian dynamics. Consequently, we propose to learn the Lagrangian of the system,
as well as a structured representation of the forces that act on the system. By doing so, we can parameterize the
space of all mechanical systems in a structured and modular manner. From these two functions, we can evaluate
the accelerations acting on the system by using the Euler-Lagrange equation. Ahmadi et al. (2018) and Lutter
et al. (2019) also propose formulations for learning the Lagrangian of a system, but assume all forces acting on the
system to be directly measurable as opposed to learned functions of the state and control input.
The method we present has the flexibility to incorporate as much prior knowledge as in a white-box approach, and,
in the event of having no prior knowledge whatsoever, the method remains as expressive as a black-box approach.
∗

Authors contributed equally.

1

Published in the proceedings of the Workshop on “Structure & Priors in Reinforcement Learning” at ICLR 2019

Error

Total Error
Variance

T̂ (x, u)

DIRCOL

(x̄1:tH , ū1:tH )
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Figure 2: Framework for Model-Based Reinforcement Learning

However, we will show that even in this scenario, our method achieves lower model variance than naive approaches
to black-box modeling owing to the constraints of physical compliance.
By modularizing the hypothesis class into functions that represent the system’s Lagrangian and functions that
represent the forces acting on it, we gain the principal benefit of being able to incorporate prior knowledge where
it is available. For example, say we only know a priori that the system is control affine (i.e., there exists a linear
mapping between actuator inputs and the torques applied to the system) and that no forces other than gravity act on
the system. In such a situation, we can use an expressive function class to model the system’s Lagrangian, while
using a much more restricted function class to model the control-affine torques, thereby reducing model variance.

2

BACKGROUND

Our work draws inspiration from a variety of fields including classical mechanics, system identification, modelbased control, and modern machine learning techniques such as deep learning.
2.1

L AGRANGIAN DYNAMICS AND P REDICTION

The purpose of modeling a dynamic system is to be able to predict how the state of the system evolves over time.
Formally, the state of a system is described using generalized coordinates q ∈ RN and velocities q̇ ∈ RN , where
N is the number of coordinates.
Defining Lagrangian as a difference of kinetic energy T and potential energy V , the dynamics of the system are
specified by the Euler-Lagrange (EL) equation:


∂L
d ∂L
−
= F (q, q̇, u)
(1)
dt ∂ q̇
∂q
where F (q, q̇, u) represents the generalized forces that act on the system, and u ∈ RM are the actuator inputs. For
a mechanical system, applying the chain-rule gets us the commonly referred manipulator equation (Murray et al.,
1994):
M(q)q̈ + C(q, q̇)q̇ + G(q) = F (q, q̇, u)
(2)
Here, G(q) = −∇q V (q) are the conservative forces that act on the system, and C(q, q̇) is the Coriolis matrix of the
system (Murray et al., 1994). C(q, q̇) can be derived from the mass-matrix M(q), given q and q̇. Hence, if we have
a function predicting the mass matrix M(q), the potential V (q), and the forces F (q, q̇, u) that act on the system, we
have fully specified the continuous time dynamics of the system.
Thus, given M(q), V (q), and F (q, q̇, u), as well as initial conditions qt , q̇t and actuator input ut , we can simulate
the model forward in time by integrating the Equation (2) to predict qt0 , q̇t0 for some t0 = t + ∆t.
2.2

S YSTEM I DENTIFICATION

The inverse problem of finding M(q), V (q), and F (q, q̇, u) given predictions from the system is termed system
identification. For analytically specified mechanical systems, it’s often formulated as a linear least-squares problem
that can be solved to global optimality in closed form (An et al., 1985). Gradient-based optimization is used when
this is not possible.
2.3

M ODEL -BASED C ONTROL

Given a model specifying a system’s dynamics, many techniques from control theory can force a system to follow
a specified trajectory, or to track some set point (Liberzon, 2012). Since we limit the scope of experiments in this
2
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work to smooth dynamical systems, we use Direct Collocation (DIRCOL) trajectory optimization (Kelly, 2017) in
order to generate a ‘nominal trajectory’ (x̄1:tH , ū1:tH ) that: (a) transports the system from some initial condition to
some desired set point, (b) is dynamically feasible according to the model, and (c) minimizes some cost function
defined over the trajectory, which is typically quadratic in the control effort and tracking error.
To track the nominal trajectory in real-time, we use a Time-Varying Linear Quadratic Regulator (TVLQR) (Anderson, 2007). Here, the system dynamics are linearized along the nominal trajectory from DIRCOL, and feedback
gains Kt are found using dynamic programming to minimize a quadratic cost function. The actuator input to the
system at some time t is:
ut = π(xt ) = ūt − Kt (xt − x̄t )
(3)
where π : RN → RM is referred to as the synthesized policy.
2.4

M ODEL -BASED R EINFORCEMENT L EARNING

Assume we have a finite-horizon Markov decision process M = {X , U, T , R, H}, where X is the state-space, U
is the action-space, T : X × U → X is the system dynamics-model, R : X × U → R is the reward function, and
H is the horizon-length. In our context, X ∈ R2N is the space of all generalized coordinates and velocities, and
U ∈ RM is the space of all actuator inputs. Additionally, while we do not assume that T (x, u) is known a priori,
we restrict our attention to settings in which the reward function R(x, u) is known.
As discussed in Section 2.3, if T (x, u) were known, we could use DIRCOL to synthesize a trajectory that optimally
solves our task, and a policy π : X → U that tracks this trajectory using TVLQR. If T (x, u) is not known, it can
be learned from data observed while interacting with the environment.
Figure 2 shows the architecture for model-based reinforcement learning used in this work. Polydoros & Nalpantidis
(2017) provide a survey of a variety of other approaches. Initially, an episode of training data is generated by
randomly actuating the system and observing its state-transitions. A model, T̂ (x, u) is learned from the dataset.
The model is then passed through DIRCOL and TVLQR to generate a policy π(x) that, if the model were accurate,
would solve the task. Naturally, since the model is imperfect, this would not solve the task, but visit novel states.
By repeating this process, novel data is added to the dataset, allowing the learned model to approach the true model
in accuracy. Once its prediction accuracy is close enough to the true model, the synthesized policy π(x) will be able
to solve the task on the real system. However, it is possible for this approach to fail due to a lack of exploration.
That is, if we attempt to greedily solve the task with our model at every episode, the policies being followed may
never visit states that are required in the dataset in order to learn a sufficiently accurate model.
A simple approach to exploration in this setup is to add exploration noise that adds variance to the policies generated
by DIRCOL+TVLQR. Here, we add random perturbations to the nominal trajectory synthesized by DIRCOL before
passing it to TVLQR. By doing so, the system is encouraged to visit states in the neighborhood of what is otherwise
believed to be an optimal trajectory.

3

M ETHODOLOGY

In its most general form, we model a physical system by modeling: (1) its Lagrangian, and (2) the generalized
forces that act on it.
We first present a methodology for modeling the positive-definite mass-matrix Mθ (q) using a neural network with
2
parameters contained in θ. We predict Mθ (q)  0 by predicting the N 2+N elements of its Cholesky factor, which is
a lower-triangular matrix Lθ (q), as is done by Lutter et al. (2019); Haarnoja et al. (2016). Here, the neural network
2
first outputs a vector, of which the first N elements are used as the diagonal of Lθ (q), and the remaining N 2−N
are used for the off-diagonal elements of the lower half of the matrix. We additionally add a constant offset to the
diagonals of Lθ (q) so that Mθ (q) is diagonally dominant and easily invertible given random initializations of θ. We
then predict Mθ (q) = Lθ (q)L>
θ (q). Additionally, we predict the potential energy, Vθ (q), using a neural network
that maps q ∈ RN → R, and in the most general case, the generalized forces as a function Fθ (q, q̇, u) that maps
R2N +M → RN . Since we are required to take gradients of Mθ (q) as well as Vθ (q), with restpect to q, in order
to compute the system’s acceleration, and occasionally Hessians of the Lagrangian in order to measure properties
of the model such as local generalized stiffness, we require the non-linearities in the neural network to be at least
twice-differentiable. In this work, we use the hyperbolic tangent function (tanh) as the non-linearity.
We have thus far presented the parameterization for the most generic form of a mechanical system. If any prior
knowledge is available to a practitioner, they may substitute Mθ (q), Vθ (q), or Fθ (q, q̇, u) with a more restricted
function class than a neural network, so long as as Mθ (q) and Vθ (q) remain twice-differentiable. For example,
one may wish to model the system as control-affine with viscous joint-damping. This can be achieved by substi3
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Figure 3: The actuated dou- Figure 4: Model-based reinforcement learning performance of various model
ble pendulum system.
parameterizations. Here, performance is the mean Euclidean distance between
the end-effector and the target over the trajectory, where a lower score is better.
tuting Fθ (q, q̇, u) = Bθ (q) · u + ηθ (q) ◦ q̇. Here, Bθ (q) ∈ RN ×M and ηθ (q) ∈ RN . Although, bias from this
parameterization may not allow certain phenomenon to be accurately modeled.
If Mθ (q), V (q) and F (q, q̇, u) are all substituted with analytic models derived from prior knowledge, then this
model reduces to a white-box model. On the other hand, if left in its most general form, then the model is still as
expressive as a black-box model.
3.1

PARAMETER O PTIMIZATION

Having described the parameterization for a model of an arbitrary mechanical system, we now describe how we
optimize these parameters to learn a model of a system from data. Given some dataset of a system’s state-transitions,
D = {qk , q̇k , uk , qk0 , q̇k0 | k ∈ {1, . . . N }}.
We optimize the parameters θ by minimizing the prediction loss:
L(θ) =

N
1 X 0
kqk − q̂k0 (θ)k2 + λkq̇k0 − q̇ˆk0 (θ)k2
N

(4)

k=1

where q̂k0 , q̇ˆk0 are predicted using RK4 applied to the model dynamics with inputs qk , q̇k , uk and parameters θ. We
then minimize this loss using gradient descent methods such as Adam (Kingma & Ba, 2014).

4

E XPERIMENTS

In our experiments, we aim to justify the claim that learning dynamics models with our methodology enables more
data-efficient model-based reinforcement learning. To do so, we perform model-based reinforcement-learning to
achieve the task of inverting a fully-actuated double-pendulum. We compare our method with the use of naive
black-box model to parameterize the modeled dynamics.
4.1

E XPERIMENTAL D OMAIN

We focus on the fully actuated double pendulum (shown in Figure 3) as our system of interest, which has highly
non-linear dynamics that are chaotic when unforced. As shown in the figure, the system is specified by the masses
m1 and m2 and lengths l1 and l2 of the rods, the gravitational acceleration g, and coefficients that specify the joint
torques τ1 and τ2 , which will be introduced shortly. The system has two generalized coordinates, q1 ∈ [−π, π)
and q2 ∈ [−π, π), which correspond to the relative deflection of each rod in radians, as well as control inputs u1
and u2 . The dynamics of the system are computed by specifying the mass-matrix, Msys (q), the potential energy,
Vsys (q), and the generalized coordinates. The specifications for Msys (q) and Vsys (q) can be found in Appendix D.
The generalized forces acting on the system are composed of a control torque, as well as viscous joint-damping:
  
     
τ
b
0 u1
η1
q̇1
Fsys (q, q̇, u) = τ1 = 01 b
(5)
u + η ◦ q̇
2

2

2

2

2

Here, b1 and b2 are the coefficients of the control-matrix Bsys (q), and ηsys specify the linear joint-damping coefficients.
4.2

M ODEL - BASED REINFORCEMENT LEARNING

In this experiment, we compare the naive model with two models encoding different amounts of prior knowledge,
in their abilities to learn the dynamics of the actuated double pendulum for the purpose of solving a swing up task.
4
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The task is to actuate the system in a manner that brings it to an state that is upright and stationary, i.e. (q1 , q2 ) =
(π, 0.0) [rad] and (q̇1 , q̇2 ) = (0.0, 0.0) [rad s−1 ], in 2.06 seconds, and then remain stable in this configuration
for an additional 0.5 seconds. In order to do so, the model must learn from the available data well enough to
accurately generalize predicted dynamics to the relevant parts of the state space. If the model is inaccurate, we
expect DIRCOL to produce nominal trajectories that are less dynamically feasible, and TVLQR to produce less
accurate linearizations of the dynamics about those trajectories. These two effects will consequently cause the
algorithm to require many more interactions with the environment in order to solve the task, when using that model
to plan a trajectory.
In this experiment, we refer to naive black-box approach in which q̈ = N N (q, q̇, u; θ), where N N (·; θ) :
R2N +M → RN is a feedforward neural network, as the Naive model. We compare this model with a model in
which Mθ (q), Vθ (q), Fθ (q, q̇, u) are all represented by neural networks in the manner introduced in Section 3.
We refer to this model as the MVF model. Here, we note that this model is as expressive as the naive model and
that no prior knowledge is encoded aside from the assumption that the system conforms to Lagrangian dynamics.
Additionally, we compare a model in which we correctly model the generalized forces acting on the system to be
control-affine with linear joint-damping, as follows:
Fθ (q, q̇, u) = Bθ (q)u + ηwb ◦ q̇
(6)
Here, Bθ (q) is represented by a neural network, while ηwb consists of two learned scalars [η̂1 , η̂2 ]. We refer to this
model as the MVB model. In this experiment, we expect to see that the naive model requires the largest number of
interactions to solve the task, followed by MVF, and then MVB.
We follow the procedure for model-based reinforcement learning described in Section 2.4. All trajectories start from
the downward equilibrium (q1 , q2 ) = (0.0, 0.0) and (q̇1 , q̇2 ) = (0.0, 0.0). We provide all models the same initial
trajectory found by randomly actuating the system with actions ut ∼ N (0, 1202 ). All trajectories are simulated
with ∆t = 0.01 s, and where the action ut applied is clipped to have a maximum absolute value of 120. We then
train all models on this dataset for 5000 epochs, using the Adam optimizer with learning rate of 3 × 10−4 . Every
time new data is added to a model’s dataset, the model is trained for an additional 1000 epochs.
Next, we perform trajectory optimization using the trained models to get nominal trajectories and a TVLQR tracking
controller to synthesize a policy for each model. However, in order to encourage exploration, we add noise sampled
from N (0, 0.252 ) to the nominal trajectories independently to each q1,t , q2,t , q̇1,t , q̇2,t and ut . Each model’s policy
is then rolled out on the system, and the trajectory generated is added to each model’s dataset. This process is
repeated until the trajectories followed by using a given model are reliably solving the task. We repeat this test
using three different random seeds.
We measure the performance of the system by measuring the mean Euclidean distance between the end effector
and its desired set-point (vertical and stable), over the trajectory. A well-performing model will have a low score
using this metric. When evaluating performance, we do not add noise to the nominal trajectories.
Figure 4 shows the results of this experiment. As we can see, the results match our expectations: the MVB parameterization, which incorporates some prior knowledge about the structure of the generalized forces, solves the task
with the fewest number of interactions with the environment. Additionally, the MVF parameterization, which incorporates no prior knowledge, takes more interactions to solve the task, but does so eventually. The naive black-box
parameterization does not succeed in solving the task in the allowed time-frame. Observing the nominal trajectories
and the policies’ abilities to follow the trajectories on the real system, we see the behavior we expect for MVF and
MVB. The nominal trajectories eventually start looking more realistic, and the policies start doing a better job of
following them. However, when using the naive parameterization, DIRCOL appears to be unable to find a solution
that transports the system to the desired goal state. Consequently, the trajectories added to the dataset never explore
the relevant parts of state-space, resulting in a model that is never able to generalize well enough to solve the task.
Seeing that even the MVF model, which incorporates no prior knowledge, is able to solve the task in a reasonable
amount of time, as well as the fact that prior knowledge improves sample efficiency, validates the hypothesis that
using the method we presented enables more efficient model-based reinforcement learning than if a naive black-box
parameterization of the dynamics were used.

5

C ONCLUSIONS

We presented a method for parameterizing an arbitrary mechanical system using neural networks, as well as a
method for training such models from data. Unlike naive black-box approaches that predict accelerations directly,
we use neural networks to parameterize the Lagrangian of a system and the generalized forces that act on it.
We showed that such a modular parameterization is flexible enough to allow us to seamlessly incorporate prior
knowledge where it is available, allowing a practitioner to precisely balance model bias and variance. We showed
on a simulated actuated double pendulum that, even in the absence of prior knowledge, our method learns the
dynamics of a complex mechanical system through reinforcement learning more efficiently than a naive, black-box
approach. An extended version of this work can be found at https://arxiv.org/abs/1902.08705.
5
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A

L AGRANGIAN M ECHANICS

For any mechanical system, the kinetic energy can be written as:
1 T
q̇ M(q)q̇
(7)
2
where M(q) is positive definite and called the mass matrix of the system. Furthermore, the potential energy of the
system can be defined as a scalar function V (q). Together, these energies specify the Lagrangian of a rigid body
system as:
T (q, q̇) =

L(q, q̇) = T (q, q̇) − V (q)

B

(8)

E FFICIENTLY C OMPUTING C ORIOLIS F ORCES

In this section, we describe a method for computing C(q, q̇)q̇ in O(N 2 ). We begin by stating an expression for the
Coriolis matrix in terms of the mass-matrix:

N 
∂Mik
∂Mkj
1 X ∂Mij
q̇k
(9)
+
−
Cij (q, q̇) =
2
∂qk
∂qj
∂qi
k=1

We can find the the ith element of C(q, q̇)q̇ as follows:
 !
N
N 
X
1 X ∂Mij
∂Mik
∂Mkj
{C(q, q̇)q̇}i =
+
−
q̇k q̇j
2
∂qk
∂qj
∂qi
j=1
k=1

=

1
2

N
N X
X

N

N

N

N

∂Mij
1 X X ∂Mik
1 X X ∂Mkj
q̇k q̇j +
q̇k q̇j −
q̇k q̇j
∂qk
2 j=1
∂qj
2 j=1
∂qi
j=1 k=1
k=1
k=1
{z
}
{z
}
|
|
S1

(10)

S2

Note the symmetry between S1 and S2. Combining and moving gradients outside the summation, we get:
{C(q, q̇)q̇}i =

N
N N
N
X
∂ XX 1
∂ X
Mik q̇k q̇j −
Mkj q̇k q̇j
∂qj
∂qi j=1
2
j=1
k=1

(11)

k=1

Which can be concisely written as:

C(q, q̇)q̇ = ∇q (M(q)q̇) q̇ − ∇q

1 >
q̇ M(q)q̇
2


(12)

The most expensive operation is the computation of the Jacobian matrix ∇q (M(q)q̇), which is computed in O(N 2 ).

C

P REDICTION WITH RK4

Given a the system’s generalized coordinates qt and generalized velocity q̇t at some time t, we wish to predict qt0
and q̇t0 at some time t0 = t + ∆t. First, we define xt = [qt , q̇t ]> , and consequently, ẋt = [q̇t , q̈t ]> . Here, q̈t is
computed according to:
q̈ = M−1 (q) [F (q, q̇, u) − C(q, q̇)q̇ − G(q)]
(13)
To integrate a function g(x, u), RK4 is a standard integration scheme:
= ∆t · g(xt , ut )
= ∆t · g(xt + k1 /2, ut )
= ∆t · g(xt + k2 /2, ut )
= ∆t · g(xt + k3 , ut )
1
xt0 = xt + (k1 + 2k2 + 2k3 + k4 )
6
k1
k2
k3
k4

Here, we let g([q, q̇]> , u) = [q̇, q̈(q, q̇, u)]> .
7

(14)
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D

E XPERIMENTS

Here we specify the double pendulum dynamics in our experiments, as well as parametrizations of the naive blackbox model and structured black box models used in our experiments.
D.1

D OUBLE P ENDULUM

The mass matrix Msys (q) and potential energy Vsys (q) of the double pendulum are analytically specified below.


I11 I12
Msys (q) = I
(15)
I
12

2

where
1
m1 l12
3
1
I2 = m2 l22
3
I11 = I1 + I2 + m2 l1 2 + m2 l1 l2 cos q2
1
I12 = I2 + m2 l1 l2 cos q2
2


1
l2
Vsys (q) = − m1 gl1 cos q1 − m2 g l1 cos q1 + cos(q1 + q2 )
2
2
I1 =

(16)
(17)
(18)
(19)
(20)

For the experiments, the parameters specified in Table 1 are used to define the system dynamics.
Parameter

Value

Unit

Parameter

Value

Unit

m1
m2
l1
l2
g

10.0
10.0
1.0
1.0
10.0

kg
kg
m
m
m/s2

b1
b2
η1
η2

1.0
1.0
-0.5
-0.5

Nm
Nm
N m s rad−1
N m s rad−1

Table 1: Parameters specifying the system dynamics for both experiments.
D.2

M ODEL PARAMETERIZATION

The Naive model consists of a multi-layer perceptron with 3 hidden layers of dimension 64. The MVF model
consists of a multi-layer perceptron for M(q), V (q) and F (q, q̇, u) each, with 3 hidden layers of dimension 32.
These network sizes are chosen so that the naive and MVF model have roughly the same number of trainable
parameters. All other models that use neural networks to parameterize components use neural networks with with
3 hidden layers of dimension 32 for those components.
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